We show phase space localization at suitable energies for zero order pseudodifferential operators, implying non-propagation properties for the associated evolution groups.
Introduction
The main purpose of this article is to prove some phase-space localization results for the functional calculus and for the evolution group of certain Weyl pseudodifferential operators H = Op( f ) acting in the Hilbert space H := L 2 (R n ) with symbols presenting full phase-space anisotropy. Very roughly, a symbol R n × (R n ) * ∋ (x, ξ) → f (x, ξ) ∈ R has full phase-space anisotropy if it has non-trivial behavior both for |x| → ∞ and |ξ| → ∞ . The trivial behavior would be convergence to either zero or infinity.
To describe the localization issues let us consider a (maybe unbounded) self-adjoint operator H in the Hilbert space H := L 2 (R n ) . We think it to be the quantum Hamiltonian of a physical system moving in R n , so its evolution group {e itH | t ∈ R} describes the time evolution of the quantum system. Thus, if at the initial moment the system is in a state modellized by the normalized vector v ∈ H , at time t it will be in the state associated to v t := e itH v .
By general principles of Quantum Mechanics, the probability at time t for the system to be localized within the Borel subset U of R n is given by the number
Very often one is interested in the behavior of this quantity when the initial state v has a certain localization in energy. If E is a Borel subset of R , we say that the state has energy belonging to E if v = χ E (H)v , where the characteristic function of E is applied to the self-adjoint operator H via the usual Borel functional calculus. For technical reasons we also consider as interesting vectors satisfying the condition v = ρ(H)v , where ρ : R → R + is a continuous (or a smooth) function; it can be, for example, a continuous approximation of the characteristic function χ E . Anyhow, we are motivated to consider the dependence of the quantity χ U e itH ρ(H)v 2 on the parameters U, ρ and t . The normalization of v is not essential, so we shall replace it by an arbitrary vector u .
The type of result we are looking for say that, under certain assumptions on H and ρ and for a given family U of non-void Borel subsets of R n , for every ε > 0 there is an element U ∈ U such that χ U e itH ρ(H)u 2 ≤ ε 2 u 2 for all t ∈ R and u ∈ H .
(1.1)
Admitting that in some sense the family U converges to some region F (eventually situated "at infinity"), this means roughly that states with energies contained in the support of the function ρ cannot propagate towards F . All these being said, let us notice however that (1.1), although dynamically significant, does not really have a dynamical nature. It is perfectly equivalent to the estimate 2) written in terms of the operator norm of B(H) , the C * -algebra of all linear bounded operators in the Hilbert space H . It is obvious that such an estimate needs some tuning between the energy-localization function ρ and the family U ; without it one can only write
and clearly we are interested in the case in which the support of ρ has a non-trivial intersection with the spectrum sp(H) of the Hamiltonian H . A simple-minded relevant situation is as follows: If the support of the function ρ is disjoint from the essential spectrum sp ess (H) of H, it is known that the operator ρ(H) is compact (finite-rank actually). If, in addition, this support contains points of the discrete spectrum sp dis (H) := sp(H) \ sp ess (H) , then ρ(H) 0 . Let U be the filter formed by the complements of all the relatively compact subsets of R n . Then the family of operators of multiplication by χ U converges strongly to zero. Multiplication with a compact operator improves this to norm convergence, so for each ε > 0 there is a sufficiently large (relatively) compact set K ∈ R n such that χ K c ρ(H) B(H) ≤ ε . In dynamical terms, this would mean that states localized in the discrete spectrum cannot propagate to infinity.
For less trivial situations we consider the case of generalized Schrödinger operators
where Q is the position operator, D := −i∇ is the momentum and h(D), V(Q) can also be constructed by the usual functional calculus associated to (families of commuting) self-adjoint operators. Of course h(D) is a convolution operator and even a constant coefficient differential operator if h is a polynomial , while V(Q) is the operator of multiplication with the function V .
Assume now that n = 1, that V is continuous and
and take for simplicity h(ξ) := ξ 2 , so H = −∆ + V(Q) is a one-dimensional Schrödinger Hamiltonian with configuration space anisotropy. Below V − the spectrum of H is discrete, so one can apply the discussion above. But it is more interesting to take ρ supported in the interval (V − , V + ) . If the convergence of V towards the limits V ± is fast enough, propagation towards infinity is possible in this region. But for physical reasons one expects this to happen only "to the left". This is not difficult to prove rigorously: for every ε > 0 there exists a real number a such that
Thus "propagation to the right is forbidden" at energies smaller than V + . In this example we make use of the filter base U := {(a, ∞) | a ∈ R} formed of neighborhoods of the point +∞ in the two-point compactification [−∞, +∞] of the real axis. A more complicated version is less easy to guess just by physical grounds. We consider the same
where V ± are two periodic functions, with periods T ± > 0 . In this case sp ess (H) = sp(H − ) ∪ sp(H + ) , where the asymptotic Hamiltonians H ± := −∆ + V ± (Q) , being periodic, have a band structure for the spectrum. We don't know if this intuitive enough, but it can be shown however, that if the support of ρ does not meet sp(H + ) , then propagation to the right is impossible in the same precise meaning as above. It is not difficult to construct a two-tori compactification of R of the form Ω := (R/T − Z) ∪ R ∪ (R/T + Z) such that V satisfies the stated conditions if and only if it extends to a continuous function on this compactification. Then the two asymptotic Hamiltonians are fabricated from the restrictions of this extension to the two tori and the regions of non-propagation can be once again described in terms of neighborhoods of these tori in the compactification.
To illustrate the different types of anisotropy on the simple example of generalized Schrödinger operators, assume again that n = 1 and f (x, ξ) = h(ξ) + V(x) , where V : R n → R and h : (R n ) * → R are continuous functions. Let us assume for simplicity that
the limits are elements of the extended real axis. If h ± = ∞ (or if h ± = 0) and V ± ∈ R , the operator is said to possess configuration space anisotropy (especially if V − V + ) . But if h ± ∈ R and V ± ∈ R , we are in the presence of a full phase-space anisotropic problem.
For a given self-adjoint operator L we denote by sp(L) the spectrum and by sp ess (L) the essential spectrum. In the example above, if h ± = ∞ (anisotropy in configuration space), denoting min{g(y)} by g m and max{g(y)} by g M , one has
It is easy to generalize a result above to this case and show that if supp(ρ) does not meet
then for every ε > 0 there exists a ≥ 0 such that
A similar result leading to "non-propagation to the left" is available by replacing + by − and (a, +∞) with (−∞, −a) . On the other hand, for full phase-space anisotropy (h ± ∈ R and V ± ∈ R) , the essential spectrum is given by four contributions
In this case one can show once again that χ (a,+∞) (Q)ρ(H) B(H) can be made arbitrary small for big
But a new phenomenon appears, connected to the presence of the two other components in the essential spectrum of H : Suppose that the support of ρ does not meet sp[V(Q) + h + ] . Then it can be shown that for every ε > 0 there exists b ∈ R + such that
(and a similar result for + replaced by −) . This can be converted in an estimate of the form
which is uniform in t ∈ R and u ∈ L 2 (R) . It is no longer a statement about the probability of spatial localisation, but one about the probability of the system to have momentum larger than the number b . In both cases the essential spectrum of the Hamiltonian H = Op( f ) can be written as union of spectra of "asymptotic Hamiltonians" that can be in some way obtained by extending the symbol f (x, ξ) = h(ξ) + V(x) to a compactification of the phase space Ξ := R × R * having the form of a square and then restricting it to the four edges situated "at infinity" (some simple reinterpretations are needed). Notice that the partial (configuration space) anisotropy is simpler: the restrictions to two of the edges do not contribute. In some sense the two corresponding asymptotic Hamiltonians are infinite and their spectrum is void. The reader is asked to imagine what would happen both at the level of the essential spectrum and at the level of localization estimates in the case of a pure momentum space anisotropy, when lim
In n dimensions and for more general types of anisotropy (recall the periodic limits) one expects more sophisticated things to happen. Suppose that our Hamiltonian H is obtained via Weyl quantization from a convenient real function f defined in phase-space Ξ := R n × (R n ) * . If its behaviour at infinity in both variables (x, ξ) is sophisticaded enough (corresponding to what could be called "phase-space anisotropy") then one could expect the following picture:
1. The essential spectrum is the (closure of the) union of spectra of a family of "asymptotic Hamiltonians" H(F) associated to remote regions F of phase-space. A way to express this would be to say that the behavior of f at infinity in Ξ can be described by a compactification Σ = Ξ ⊔ Σ ∞ of Ξ and that F is a conveniently defined subset of "the boundary at infinity" Σ ∞ .
2. If a bounded continuos function ρ is supported away from one of the components sp[H(F)] , then "propagation towards F is forbidden" at energies belonging to the support of ρ . This follows from an estimate of the form Op(χ ∞ W )ρ(H) B(H) ≤ ε written in terms of the Weyl quantization
of a smooth regularization of the characteristic function χ W of a subset W of Ξ . For small ε , the set W should be very close to the set F ; for example it can be the intersection with Ξ of a small neighborhood W of F in the compactification Σ .
Until recently, there have been few general results for the essential spectrum of phase-space anisotropic pseudodifferential operators and this was the main obstacle to getting localization estimates. Techniques involving crossed products, very efficient for configurational anisotropy [9, 10, 11, 17, 2] , are not available in such a case. In [18, 19] this problem was solved in a rather general setting, by using the good functorial properties of Rieffel's pseudodifferential calculus [26] . Roughly, if the symbol presents full phase-space anisotropy, the essential spectrum of the corresponding pseudodifferential operator can be written as the closed union of spectra of a family of "asymptotic" pseudodifferential operators. To obtain the symbols of these asymptotic operators one constructs a compactification of the phase space, which is naturally a dynamical system, and then determins the quasi-orbits of this dynamical system which are disjoint from the phase space itself. The extensions of the initial symbol to these quasi-orbits define the required asymptotic operators that contribute to the essential spectrum.
In the present article we are going to show that Rieffel's calculus can also be used to get the localization estimates, leading in their turn to non-propagation results for the evolution group; this extends the treatment in [2, 20, 14] of purely configurational anisotropic systems.
Let us describe briefly the content of this work. First, in the next section, we give a brief description of some previous results. This will hopefully motivate our approach to cover the full anisotropy. Section 3 will review some properties of the Rieffel quantization, one of our main tools. In Section 4 we prove our first abstact result; it refers to the algebra of symbols. To get familiar statements, refering to pseudodifferential operators, one applies Hilbert space representations to this abstract result; this is done in Section 5.
In previous articles many examples of configurational anisotropy have been given; most of them can be adapted directly to phase-space anisotropy. Actually this adaptation work was performed in [18] for results concerning the essential spectrum and they are equally relevant for localization and non-propagation estimates. So, to avoid repetitions, we are not goind to indicate examples here.
A short review of previous results
As we said in the Introduction, we are interested in estimates of the form (1.2). After some preliminary previous results contained in [6] , such estimates have been obtained in [2] for Schrödinger operators H := −∆ + V , where ∆ is the Laplace operator and V is the potential . Thus in suitable units H is the Hamiltonian of a non-relativistic particle moving in R n in the presence of the potential V and "localization" or "non-propagation" refers to this physical system. In [20] and [14] the results were significantly extended to certain pseudodifferential operators with variable magnetic fields.
Leaving the magnetic fields apart, for simplicity, the Hamiltonians have now the form H = Op( f ) , being defined as the Weyl quantization of some real symbol f defined in phase-space Ξ := R n × (R n ) * . The order of the elliptic symbol f (in Hörmander sense) is strictly positive, so one has lim ξ→∞ f (x, ξ) = ∞ and the behavior in x ∈ R n is modelled by a C * -algebra of bounded, uniformly continuous functions on R n . So the symbols defining the operators are still confined to the restricted configuration space anisotropy.
To be more precise, to suitable functions h defined on the phase space Ξ , one assigns operators acting on functions u :
This is basically the Weyl quantization and, under convenient assumptions on h, (2.1) makes sense and has nice properties in the Hilbert space H := L 2 (X ) or in the Schwartz space S(X ). Let h : Ξ → R be an elliptic symbol of strictly positive order m. It is well-known that under these assumptions Op(h) makes sense as an unbounded self-adjoint operator in H, defined on the m'th order Sobolev space. The problem is to evaluate the essential spectrum of this operator and to derive estimates for its functional calculus.
The relevant information is contained in the behavior at infinity of h in the x variable. This one is conveniently taken into account through an Abelian algebra A composed of uniformly continuous functions un X , which is invariant under translations (if ϕ ∈ A and y ∈ X then θ y (ϕ) := ϕ(· + y) ∈ A ). Let us also assume (for simplicity) that A is unital and contains the ideal C 0 (X ) of all complex continuous functions on X which converge to zero at infinity. We also ask
Then the function h extends continuously on Ω×X * , where Ω is the Gelfand spectrum of the C * -algebra A ; this space Ω is a compactification of the locally compact space X . By translational invariance of A , it is a compact dynamical system under an action of the group X . After removing the orbit X , one gets a X -dynamical system Ω ∞ := Ω \ X ; its quasi-orbits (closure of orbits) contain the relevant information about the essential spectrum of the operator H := Op(h). For each quasi-orbit Q, one constructs a self adjoint operator H Q . It is actually the Weyl quantization of the restriction of h to Q × X * , suitably reinterpreted. One gets finally
Many related results exist in the literature, some of them for special type of functions h, but with less regularity required, others including anisotropic magnetic fields, others formulated in a more geometrical framework or referring to Fredholm properties. We only cite [1, 4, 5, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 20, 21, 22, 23, 24, 25] ; see also references therein. As V. Georgescu remarked [9, 10] , when the function h does not diverge for ξ → ∞ , the approach is more difficult and should also take into account the asymptotic values taken by h in "directions contained in X * ". Now, in the framework above, we indicate the localization results. Let H = Op(h) be a Weyl pseudodifferential operator with elliptic symbol of order m > 0 . For some unital translation-invariant Abelian C * -algebra A composed of uniformly continuous functions on X and containing C 0 (X ) , assume that h(x, ξ) is A -isotropic in the variable x, i.e. (2.2) holds. Choose a quasi-orbit Q in the boundary Ω ∞ := Ω \ X of the Gelfand spectrum of A . As said above, one associates to Q a selfadjoint operator H(Q) ; its spectrum is contained (very often strictly) in the essential spectrum of H . We also fix a bounded continuous function ρ : R → [0, ∞) whose support is disjoint from sp[H(Q)] . Then for every ǫ > 0 there exists a neighborhood U of Q in Ω such that, setting U := U ∩ X ,
We recall that χ U (Q) is, by definition, the operator of multiplication by the function χ U in the Hilbert space H = L 2 (X ) . Concrete examples have been indicated in [2, 20] . As remarked by V. Georgescu, a very efficient tool for obtaining some of the results cited above was the crossed product, associated to C * -dynamical systems. However, ξ-anisotropy cannot be treated in such a setting: the symbols of order 0 are not efficiently connected to the crossed products.
Rieffel's pseudodifferential calculus
As a substitute for crossed products, in [18, 19] Rieffel's version of the Weyl pseudodifferential calculus has been used to investigate the essential spectrum of full phase-space anisotropic Hamiltonians. Since it will also be needed for our study of localization results, we shall recall briefly Rieffel's deformation procedure, sending to [26] for proofs and more details.
Let us denote by X the vector space R n on which, when necessary, the canonical base (e 1 , . . . , e n ) will be used. Its dual is denoted by X * with the dual base (e n+1 , . . . , e 2n ) . Then "the phase space" Ξ = X × X * with points generically denoted by
We start with a classical data, which is by definition a quadruplet (A,
, where A is a C * -algebra and a continuous action Θ of Ξ by automorphisms of A is also given. For ( f, X) ∈ A × Ξ we are going to use the notations Θ( f, X) = Θ X ( f ) ∈ A for the X-transformed of the element f . The function Θ is assumed to be continuous and the automorphisms
Let us denote by A ∞ the vector space of all smooth elements f under Θ , those for which the mapping Ξ ∋ X → Θ X ( f ) ∈ A is C ∞ in norm; it is a dense * -algebra of A. It is also a Fréchet * -algebra for the family of semi-norms
In the sequel we are going to use the abbreviations
for all the multi-indices µ ∈ N 2n . All the operators D µ are well-defined, linear and continuous on the Fréchet * -algebra A ∞ .
Then one introduces on A ∞ the product
rigorously defined as an oscillatory integral. There are several ways to give a meaning to this kind of expression [26] . The most useful for us is in terms of a regular partition of unity of Ξ . Let Ł be a lattice in Ξ , pick a non-trivial positive, smooth, compactly supported function ψ on Ξ such that
and set ψ 0 := ψ/Ψ and ψ P (·) := ψ(· − P) for all P ∈ Ł . Then {ψ P | P ∈ Ł} will be a locally finite partition of unity on Ξ . It can be shown that the infinite sum
converges absolutely . To complete the algebraical structure, we keep the same involution * ; one gets a * -algebra A ∞ , #, * . This * -algebra admits a C * -completion A in a C * -norm · A which is defined by Hilbert module techniques. Since the construction is rather involved and it will not play an explicit role for us, we only refer to [26, Ch. 4] for the details and justifications.
The deformation can be extended to morphisms, giving rise to a covariant functor. Let
, j = 1, 2 be two classical data and let R : A 1 → A 2 be a Ξ-morphism, i.e. a (C * -)morphism intertwining the two actions:
Then R sends A ∞ 1 into A ∞ 2 and extends to a morphism R : A 1 → A 2 that also intertwines the corresponding actions.
For us, the main property of this functor is that it preserves short exact sequences of Ξ-morphisms. Let J be a (closed, self-adjoint, two-sided) invariant ideal in A and denote by J its deformation, using the procedure indicated above. Then J is isomorphic (and will be identified) with an invariant ideal in A . In addition, on the quotient A/J there is a natural quotient action of Ξ , so we can perform its Rieffel deformation. This one is canonically isomorphic to the quotient A/J .
If h ∈ A, the spectrum of its canonical image in the quotient C * -algebra A/J will be denoted by sp J (h) . Later we are going to need 
Proof. The first assertion is a minor variation of [2, Lemma 1] . It holds for every closed bi-sided selfadjoint ideal of a C * -algebra. The second assertion follows from the first one; J is invariant under the action Θ and clearly J ∞ = A ∞ ∩ J .
Actually we are interested in deforming Abelian C * -algebras. Let (Σ, Θ, Ξ) be a topological dynamical system with group Ξ = R 2n . This means that Σ is a locally compact space, Θ : Σ × Ξ → Σ is a continuous map and, using notations as
One denotes by B(Σ) the C * -algebra of all bounded complex functions on Σ with pointwise multiplication, complex conjugation and the obvious norm
In general this action fails to have good continuity or smoothness properties, so we introduce
and
We also denote by C 0 (Σ) the C * -algebra of all complex continuous functions f on Σ such that for any ε > 0 there is a compact subset K of Σ such that | f (σ)| ≤ ε if σ K . Notice that C 0 (Σ) is a C * -subalgebra of B Θ (Σ) , but not an ideal in general. When Σ is compact, C(Σ) is unital. The action Θ of Ξ on Σ induces an action on C 0 (Σ) ; we denote by C ∞ 0 (Σ) the set of smooth elements. The Rieffel deformations of B Θ (Σ) and C 0 (Σ) will be denoted, respectively, by B Θ (Σ) and C 0 (Σ) . The deformation procedure can be applied to any C * -subalgebra of B Θ (Σ) that is invariant under the action Θ .
Later on we shall need the following smoothing procedure. For ϕ ∈ C ∞ c (Ξ) and g ∈ B(Σ) one sets
If the action Θ consists in translations:
, then * Θ coincides with the usual convolution. In this case g ϕ ∈ BC ∞ (Σ) = BC u (Σ) ∞ and supp(g ϕ ) ⊂ supp(g) + supp(ϕ) . We are going to need the next more general statement. Lemma 3.2.
One has g ϕ ∈ B ∞ Θ (Σ) . For every multi-index
α ∈ N 2n one has D α g ϕ = g ∂ α ϕ .
One has supp(g
Proof. By a change of variables one easily gets
This and a standard application of the Dominated Convergence Theorem lead easily to the statement 1. Now we show 2. Since Θ is continuous, supp(ϕ) is compact in Ξ and supp(g) is closed in Σ , it follows easily that
and if Y ∈ supp(ϕ) then Θ −Y (σ ′ ) supp(g) . This shows that V is disjoint from supp(g ϕ ) .
An important example to which Rieffel deformation apply is given by Ξ-algebras, i.e. C * -algebras B composed of bounded, uniformly continuous function on Ξ , under the additional assumption that the action T of Ξ on itself by translations, raised to functions, leaves B invariant. Let us denote by Σ the Gelfand spectrum of B . By Gelfand theory, there exists a continuous function : Ξ → Σ with dense image, which is equivariant with respect to the actions T on Ξ, respectively Θ on Σ. The function is injective if and only if C 0 (Ξ) ⊂ B .
The largest such C * -algebra B is BC u (Ξ) , consisting of all the bounded uniformly continuous functions : Ξ → C. It coincides with the family of functions g ∈ BC(Ξ) (just bounded and continuous) such that
is continuous. Then the Fréchet * -algebra of C ∞ -vectors is
Another important particular case is B = C 0 (Ξ) (just put Σ = Ξ in the general construction). It is shown in [26] that at the quantized level one gets the usual Weyl calculus and the emerging non-commutative C * -algebra C 0 (Ξ) is isomorphic to the ideal of all compact operators on an infinite-dimensional separable Hilbert space.
Localization in the symbolic calculus
We are given a topological dynamical system (Σ, Θ, Ξ) to which we associate, as in section 3, the Abelian C * -algebras B Θ (Σ) and C 0 (Σ) as well as their Rieffel deformations B Θ (Σ) and C 0 (Σ) . Recall that, with respect to the canonical basis (e 1 , .., e 2n ) of Ξ , one defines the higher-order partial derivatives
, where µ is a multi-index and f ∈ B ∞ Θ (Σ) . Recall also the form of the seminorms of the Fréchet space B ∞ Θ (Σ)
and of the Fréchet space B ∞ Θ (Σ)
We fix a closed invariant set F ⊂ Σ ; invariance means that Θ X (F) ⊂ F for every X ∈ Ξ . Then
is an invariant ideal of C 0 (Σ) ; its Rieffel quantization C 0 (Σ) F is identified to an ideal of C 0 (Σ) . As explained above, the quotient C 0 (Σ)/C 0 (Σ) F can be regarded as the deformation of the Abelian quotient C 0 (Σ)/C 0 (Σ) F , which in its turn can be identified with C(F) , the C * -algebra of all continuous functions on the compact space F . Along these lines, we identify C 0 (Σ)/C 0 (Σ) F with the Rieffel quantization C(F) of C(F) . Let us denote by ϕ ∈ C ∞ c (Ξ) n + the family of all positive functions ϕ ∈ C ∞ c (Ξ) which satify the normalization condition Ξ ϕ = 1 . If W ⊂ Σ is an open (or closed) set, the function
belongs to B ∞ Θ (Σ) by Lemma 3.2 and one has ; for k = 0 one gets the norm of the C * -algebra B Θ (Σ) . It will be turned into an assertion about pseudodifferential operators in the next sections. 
Remark 4.4.
As an example of closed invariant subset one can consider a quasi-orbit, i.e. the closure of an orbit. Any closed invariant set F ⊂ Σ is the union of all the quasi-orbits it contains. Note that the spectrum of h F := h| F computed in C(F) is an increasing function of F . So for small closed invariant subsets F (as quasi-orbits, for instance), the support of the localization ρ will probably allowed to be large. The interesting case is, of course, that in which supp(ρ) has a large intersection with the spectrum in C ∞ 0 (Σ) of the initial symbol h (which is obtained formally setting F = ∅) . We are going to prove Theorem 4.1 in several steps.
Proposition 4.5. For every f
Proof. One has
for a finite number of multi-indices α, β .
We know from Lemma 3.2 that
Therefore one can write
where C( j, ϕ) is a finite constant depending on j and ϕ . Given ε > 0 we now find U . Since the action Θ is strongly continuous, for every Z ∈ supp(ϕ) there exists a ball B(Z, δ Z ) centered in Z such that if Y ∈ B(Z, δ Z ) one has for all |ν| ≤ j
The balls B(Z, δ Z ) form a covering of the compact set supp(ϕ) , from which we extract a finite subcovering indexed by
one gets from (4.7) and (4.8)
Inserting this into (4.6) finishes the proof.
Now we prove an estimation as (4.5), but with the pointwise product · replaced by the deformed product # .
Proof. For the composition χ ϕ V # f we are going to use the representation (3.2).
(4.10)
By [26, Prop. 1.6], for every k > 2n we have estimates given by
where
and relying on the representation (3.2), one gets
.
A direct computation shows that the quantity G
is bounded uniformly in V , because it is dominated by a finite linear combination of terms of the form
Thus, for any ε > 0 , there exists m j ∈ N such that for every V ∈ N F one has
We still have to bound by ε/2 the remaining finite family of terms, this time for some special neighborhood V of F . Using the continuity of the action Θ and the compacity of the support of ψ P , ψ Q , there exists a finite family of balls { B(
where f X := Θ −X ( f ) ∈ C ∞ 0 (Σ) F and M is some positive number. In addition, by Proposition 4.5, for every i ∈ I there is some V i ∈ N F such that
One takes the finite intersection V = i∈I V i and then, by (4.12), (4.13) and the fact that the action Θ is isometric with respect to all the semi-norms, we can estimate the compactly supported integral
Then, choosing M := |P|+|Q|≤m j C P,Q M P,Q , one gets the estimation.
Now we change the semi-norms.
Proposition 4.7. For any f
Proof. This follows from our Proposion 4.6 and the equivalence [26, Ch. 7] of the families of seminorms (4.1) and (4.2), which is a rather deep result.
End of the proof of Theorem 4.1. To finish the proof of Theorem 4.1, one uses Lemma 3.1 with A := C 0 (Σ) and
. This allows us to take f = ρ(h) ∈ C ∞ 0 (Σ) F in Proposition 4.7 and to get
under the stated conditions. The case k = 0 is enough for our purposes.
Localization and non-propagation for pseudodifferential operators
We start with the simplest situation. We take Σ to be a locally compact space containing Ξ = R 2n densely. If Σ is even compact, it will be a compactification of Ξ . One denotes by A Σ (Ξ) the C * -algebra composed of restrictions to Ξ of all the elements of C 0 (Σ) . Then A Σ (Ξ) is a C * -subalgebra of BC(Ξ) which is canonically isomorphic to C 0 (Σ) by the extension/restriction isomorphism. Thus the Gelfand spectrum of A Σ (Ξ) is homeomorphic to Σ . Let us also assume that A Σ (Ξ) is contained in BC u (Ξ) and it is invariant under translations. It follows easily that the action of Ξ on itself by translations extends to a continuous action Θ of Ξ by homeomorphisms of Σ . This action is topologically transitive: Ξ is an open dense orbit. Let us set Σ ∞ := Σ \ Ξ for the boundary.
Since (A Σ (Ξ), Θ, Ξ) is a (commutative) C * -dynamical system, one can perform Rieffel's procedure to turn it in the (non-commutative) C * -dynamical system (A Σ (Ξ), Θ, Ξ) . The common set of smooth
is the family of smooth vectors of the Ξ-algebra BC u (Ξ) , whose Rieffel quantization will be denoted by BC u (Ξ) . But on BC ∞ (Ξ) , by the Calderón-Vaillancourt Theorem [7] , one can apply the Schrödinger representation in H := L 2 (X )
given in the sense of oscillatory integrals by
In particular, this works for f ∈ A ∞ Σ (Ξ) . We also fix a closed Θ-invariant subset F of Σ ∞ ; it can be a quasiorbit for instance. As in Section 4, we also consider a neighborhood basis N F of the set F in Σ . Finally let h ∈ C ∞ 0 (Σ) = C ∞ 0 (Σ) be a real function and set H := Op(h) = H * , a bounded operator in H := L 2 (X ) (we use the same notation h for the restriction of h : Σ → R to Ξ) . Relying on [18] , we give an operator interpretation for the set sp(h F ) , the spectrum of h F := h| F computed in the noncommutative C * -algebra C(F) . Let us write Q(F) for the set of all quasi-orbits of the closed invariant set F and denote by Q 0 (F) a subset of Q(F) such that F = Q∈Q 0 (F) Q . In each quasi-orbit Q pick a point σ Q such that the orbit of this point is dense in Q . Then
is an element of BC ∞ (Ξ) , to which one can apply Op ; let us set H σ Q := Op (h σ Q ) . It can be shown [18] that:
• The spectrum S Q of the bounded self-adjoint operator H σ Q depends only of the quasi-orbit Q and not of the generating point σ Q .
• One has
Of course, if F is itself a quasi-orbit one can take Q 0 (F) = {F} and the statements simplify a lot.
• The set sp(h F ) is contained in the essential spectrum sp ess (H) of the initial operator H .
• Actually, if we cover Γ by closed Θ-invariant sets F , one has sp ess (H) = For the first estimate we use the fact that, being a representation, Op is multiplicative and commutes with the functional calculus:
We denoted by ♯ the Weyl composition law of symbols [7] , corresponding isomorphically to the composition # . Then we use Theorem 4.1, the isomorphisms A Σ (Ξ) C 0 (Σ) and BC u (Ξ) B Θ (Σ) and the fact that Op is an isometry to write
As it has been said repeatedly, the second estimate (5.17) follows from (5.18).
A variant of Theorem 5.1 involving localization along ultrafilters can be obtained in the setting of [19] . The Weyl system π : Ξ → U(H) is defined for all X ∈ Ξ and u ∈ H := L 2 (X ) by
It is a projective unitary representation with multiplier given in terms of the symplectic form:
We denote by
the automorphism group associated to π . The C 0 -vectors of this automorphism group form a C * -subalgebra 12) while the C ∞ -vectors
form a dense * -subalgebra. We also denote by δ(Ξ) the family of all ultrafilters on Ξ that are finer than the Fréchet filter. Recall from [19] that the essential spectrum of any self-adjoint operator H belonging to B 0 (Ξ) is given by 14) where the limits H X := lim X→X Π(X)H are shown to exist in the strong sense.
Theorem 5.2. Let H be a self-adjoint operator in H = L 2 (X ) belonging to B ∞ (H) . Let us fix an ultrafilter X on Ξ finer than the Fréchet filter and choose a bounded continuous function
Proof. In [19, Prop. 3.1] it has been shown that B 0 (H) = Op [BC u (Ξ)] , where BC u (Ξ) is the Rieffel quantization of the C * -algebra BC u (Ξ) of all bounded uniformly continuous functions on Ξ . As we said above, this one is the largest one on which Ξ acts continuously by translations (that were denoted by T ). It is well-known that
Then, clearly, one also has
Then the methods of the previous sections became available and the proof is very similar to the proof of Theorem 5.1.
Finally we treat a more general case. The action Θ will no longer be composed of translations. Our framework starts with a continuous action Θ of Ξ by homeomorphims of the locally compact space Σ . The action Θ of Ξ on Σ induces a continuous action of Ξ on C 0 (Σ) given by Θ X ( f ) = f • Θ X . We want to realize the algebra (C 0 (Σ), Θ, Ξ) in a subalgebra of (BC u (Ξ), T, Ξ) by a Ξ-monomorphim. For this purpose, it is convenient to have a closer look at the quasi-orbit structure of the dynamical system (Σ, Θ, Ξ) in connection with C * -algebras and Hilbert space representations.
Let us use the convenient notation Θ σ (X) := Θ X (σ) . For each σ ∈ Σ, we denote by E σ := Θ σ (Ξ) the quasi-orbit generated by σ and set
The range of the Ξ-morphism P σ is called B σ and it is a Ξ-algebra. Defining analogously P ′ σ : C 0 (E σ ) → BC u (Ξ) one gets a Ξ-monomorphism with the same range B σ , which shows that the Gelfand spectrum of B σ can be identified with the quasi-orbit E σ .
For each quasi-orbit E, one has the natural restriction map
which is a Ξ-epimorphism. Actually one has P σ = P ′ σ • R E σ . Being respectively invariant under the actions Θ and T , the C * -algebras C 0 (E) and B σ are also subject to Rieffel deformation. By quantization, one gets C * -algebras and morphisms
While R E and P σ are epimorphisms, P ′ σ is an isomorphism. We also need Hilbert space representations. For each Ξ-algebra B, we restrict Op from BC ∞ (Ξ) to B ∞ = B ∞ (the dense * -algebra of smooth vectors of B ) and then we extend it to a faithful representation in H = L 2 (X ) of the C * -algebra B . We can apply the construction to the C * -algebras B σ . By composing, we get a family Op σ := Op • P σ | σ ∈ Σ of representations of C 0 (Σ) in H, indexed by the points of Σ . For f ∈ C ∞ 0 (Σ) one has P σ ( f ) ∈ B ∞ σ = B ∞ σ , and the action on H is given by Remark 5.3. Notice that Op σ is faithful exactly when P σ is injective, i.e. when P σ is injective, which is obviously equivalent to E σ = Σ . Consequently, if the dynamical system is not topologically transitive (i.e. no orbit is dense in Σ), none of the Schrödinger-type representations Op σ will be faithful. In such a case, we are not able to transform the abstract algebraic Theorem 4.1 into an assertion involving operators.
So we restrict now to the case of a topologically transitive dynamical system and study the operators Op σ (h) associated to a suitable symbol h and a generic point σ ∈ Σ , i.e. a point generating a dense orbit. The non-generic points τ will define subsets S τ of the essential spectrum of Op σ (h) as well as regions of non-propagation for its evolution group. In particular, one has uniformly in t ∈ R and u ∈ L 2 (X )
Proof. Since (Σ, Θ, Ξ) is topologically transitive and σ is generic, the mapping Op σ is a faithful representation of our algebra C 0 (Σ) . Then the present result follows easily from Theorem 4.1, along the lines of the proof of Theorem 5.1. The role of the closed invariant subset F is played here by the non-generic quasi-orbit E τ . Remark 5.6. For a better understanding of the dependence on the points σ and τ , we recall some results from [18] . If σ 1 , σ 2 belong to the same orbit (O σ 1 = O σ 2 ) , the two operators H σ 1 and H σ 2 are unitarily equivalent. If the two points only generate the same quasi-orbit E σ 1 := O σ 1 = O σ 1 =: E σ 2 they may not be unitarily equivalent, but they still have the same spectrum and the same essential spectrum. In applications, very often, there is a privileged generic point σ 0 defining an interesting Hamiltonian H σ 0 as in (5.16 ) and the remaining objects are auxiliary constructions. Their usefulness comes from the fact that the behavior of the symbol requires a topological dynamical system encoding spectral information.
